A SUFFICIENT CONDITION FOR SMOOTHNESS
OF SOLUTIONS OF NAVIER-STOKES EQUATIONS

BY
S. KANIEL

ABSTRACT

The main theorem in this paper states that if a certan bound is imposed on
the associated pressure pertaining to a weak solution of the Navier-Stokes
equation then the solution is actually smooth. The proof uses the fact that
such a bound implies a bound on the first derivatives of the solution which, in
turn, leads to smoothness.

1. There is a considerable interest in the investigation of sufficient conditions
that will insure smoothness of the solutions. Serrin [1] was the first one to es-
tablish such a condition. The author, together with M. Shinbrot [2] could
strengthen his results. Both conditions involve the flow itself. The purpose of
this paper is to furnish a condition that involves the associated pressure.

The work is based on [3]. We use some lemmas and the existence theorems
proved there; we also use a similar technique; thus we use the same notations.

2. We shall study the Navier-Stokes equations in the form
Q.10 u,—Viut+u-Vu=~Vp
2.2) V-u=0

with the density and the kinematic viscosity normalized to one. We suppose
further that the flow takes place in a bounded, smooth domain D < R3. In the
above equation, u denotes the velocity of the flow, and p the pressure. In addition
to (2.1) and (2.2), the velocity must satisfy the boundary condition

(2.3) u=0 for xedD
and an initial condition
2.4 u=u°for t=0.

Given any vector u, we denote its Euclidean length by |u| If u = u(x, ) we write
@9 b= {ufeaxe
D

if the right-hand side is well defined.
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A weak solution of the Navier-Stokes equations is a vector u(x, ) that satisfies
ful.sM, O0=g:t=T

T

ffqudedt =M,.

0

It also satisfies (2.1)-(2.4) in a weak sense, i.e. for any smooth ¢(x,?) that
satisfied (2.2), (2.3) the following holds

ff [‘“ a(’iit_uvz‘l""(“'vflS)‘u]dxdt

= J‘ u(x, T)y¢p(x, T)dx — f u(x,0)¢(x, 0)dx.

THEOREM. Let u be a weak solution of the Navier-Stokes equations (2.1)«2.4),
with smooth initial conditions.
If p, the associated pressure, satisfies

(2.6) ”P”qéco 0<t=T,
for some q > 125 then u is smooth.

Proof. We shall prove that u is a strong solution of (2.1)-(2.4). This means
that all the terms in (2.1) are well defined in L,. From this point, the passage to
a smooth solution is done by the aid of Theorem 7.1 of [2].

It is known by Theorem 5.1 of [3] (also by Prodi’s work [4]) that for any
initial conditions u° so that “ Vu® “2 is bounded there exists an interval 0< ¢ < T
for which the solution u is strong. Moreover T is dependent on | Vu°| alone.
We shall prove that if (2.6) holds, then:

@7 | V2 < KCo | Vu°l)

for all ¢ for which u(x,?) is strong.

Thus, given a subinterval [0, T,] for which u is strong we can extend it using
(2.7) to an interval [0, T, + T(k(C, | Vu° | ,))]; covering the interval [0, T;] in a
finite number of steps. In order to get (2.7) we proceed as follows.

Let the subinterval [0, T,] be given. Multiply (2.1) by the vector u® = (u3,u,u3)
and integrate over D.

(2.8) fu,-u%ix—fV’u cuddx + J(u *Vu) uldx = —pr-u3dx.

The first term is rewritten as:
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(2.9 f U wldx = ‘-1?|| u? 3.

Integrate by parts to get:

(2.10) f (u:Vuuldx=0

2.1 - fvm “uldx = fVu -Vuldx = 23" Vu?|3.
Denote the index g in (2.6) as g = 3 _{258 .

Then:
vap-usdxl=|fp-(V-u3)dx|§-§lf(V-u’)-Iul-Ipldx

3 3
< 31wl [ lulrraxz <3190 o2 foses | 2 fas-s

IIA

1l i [ ko
Since u =0 on oD it follows, by Sobolev’s lemma, that
|u*ls=C|Vu? ..
Since u is a weak solution of (2.1)+2.4) it satisfies [5].
1) ] = lulssc.
Substituting (2.9)-(2.12) in (2.8) we get:

d -
luli+3lvefisc- | var|a

Since u is smooth in [0, T,] it follows that (d/d¢) " u? ”2 exists and is continuous.
Consider now the closed set E defined by

2)w)2g0 ek
For t e E the following holds:

7], s (S5

Consequently, by Poincaré’s inequality:

C: C3\
3

(2.13) |u?|.=C- { : = k(Cy).

The complementary set consists of possibly a half open interval [0,7,] and a
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a sequence of open intervals (t;, ). Since [|u?]|, is decreasing in any of these sub-
intervals, and since the points t; belong to E we get:

[l @ l.sC| Vel 0stsh.
” u(r) “2 = “ u(t) 2 “ S k(Co) t<t<i,.

Thus || u3 |, = |42 is uniformly bounded in [0, T,].

Now consider the space L,, space of all vectors having components in L, and
consider the projection P onto the solenoidal vectors. As in the proof of Theorem
(4.1) in [3], multiply equation (2.1) by — P V2 u. Inequality (4.8) of the latter reads

2.14) Lvuli+ [Pveu i< ]u- vult

Now we proceed as follows:
Ju-Vula<|ulZfVulis |u]a]vu]:"|vu]d™
Lemmas 3.3 and 3.5 of [3] read:
[Vuls=clPv2ul,
[Vul. = ]2 [VPou]y* .

Substituting the last two inequalitics we get

Ju-Vuli<c| PV [ui]u]:" < C || Pruli
Thus

@.15) ZIvuls+ Pyl sclpviulp

Let us repeat the argument that was used in the first step. Let F be the closed set
for which

2 )vulzso  ter.
For te F PV?y is uniformly bounded, therefore by Lemma 3.4 of [3] it follows
that
(2.16) |Vul.sC teF.
The complementary set consists of possibly the half open interval [0, #,] for which
(2.17) |Vu®|.s | Ve, 0st<i,

and intervals (¢, #;) for which
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(2.18) [Vu |, < | Vuw|.sCc  t<t<i,

since t;€ F.
Estimates (2.16)—(2.18) are summarized in (2.7). Thus it is possible to extend
the domain smoothness across T, and the proof is complete.
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